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NON-ARCHIMEDEAN PSEUDO-DIFFERENTIAL OPERATORS
WITH BESSEL POTENTIALS
ISMAEL GUTIE´RREZ GARCI´A AND ANSELMO TORRESBLANCA-BADILLO
Abstract. In this article, we study a class of non-archimedean pseudo-differential
operators associated via Fourier transform to the Bessel potentials. These op-
erators (which we will denote as Jα, α > n) are of the form
(Jαϕ)(x) = F−1
ξ→x
[
(max{1, ||ξ||p})
−αϕ̂(ξ)
]
, ϕ ∈ D(Qnp ), x ∈ Q
n
p .
We show that the fundamental solution Z(x, t) of the p−adic heat equation
naturally associated to these operators satisfies Z(x, t) ≤ 0, x ∈ Qnp , t > 0. So
this equation describes the cooling (or loss of heat) in a given region over time.
Unlike the archimedean classical theory, although the operator symbol −Jα
is not a function negative definite, we show that the operator −Jα satisfies
the positive maximum principle on C0(Qnp ). Moreover, we will show that the
closure −Jα of the operator −Jα is single-valued and generates a strongly
continuous, positive, contraction semigroup {T (t)} on C0(Qnp ).
On the other hand, we will show that the operator −Jα is m−dissipative
and is the infinitesimal generator of a C0−semigroup of contractions T (t), t ≥
0, on L2(Qnp ). The latter will allow us to show that for f ∈ L
1([0, T ) : L2(Qnp )),
the function
u(t) = T (t)u0 +
∫ t
0
T (t− s)f(s)ds, 0 ≤ t ≤ T,
is the mild solution of the initial value problem

∂u
∂t
(x, t) = −Jαu(x, t) + f(t) t > 0, x ∈ Qnp
u(x, 0) = u0 ∈ L2(Qnp ).
1. Introduction
In this article, we study a class of non-archimedean pseudo-differential operators
associated via Fourier transform to the Bessel potentials. If f ∈ D′(Qnp ) (here Q
n
p
denotes the p-adic numbers and D′(Qnp ) is called the space of distributions in Q
n
p ),
α ∈ C we define the n−dimensional p−adic Bessel potential of order α of f by
(1.1) (Jαf)∧ = (max [1, ||x||p])
−α
f̂ .
Suppose α ∈ C with Re(α) > 0. Defining on Qnp and with values in R+ :=
{r ∈ R : r ≥ 0} the function Kα as follows
Kα(x) =

1−p−α
1−pα−n
(
||x||α−np − p
α−n
)
Ω(||x||p) if α 6= n
(1 − p−n) logp(
p
||x||p
)Ω(||x||p) if α = n
Key words and phrases. Pseudo-differential operators, m−dissipative operators, the positive
maximum principle, heat hernel, non-archimedean analysis.
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we have that Kα ∈ L
1(Qnp ) and K̂α(ξ) = (max{1, ||ξ||p})
−α, see Remark 2.
For our purposes, in this article, we will consider α ∈ R with α > n. The
condition α > n is completely necessary to obtain the inequality (3.4), which will
be crucial in this article.
For ϕ ∈ D(Qnp ) and taking inverse Fourier transform on both sides of (1.1), we
have that
(Jαϕ)(x) = F−1ξ→x
[
K̂α(ξ)ϕ̂(ξ)
]
= F−1ξ→x
[
(max{1, ||ξ||p})
−αϕ̂(ξ)
]
, x ∈ Qnp ,
is a pseudo-differential operator with symbol K̂α(ξ) = (max{1, ||ξ||p})
−α.
In this paper we study the fundamental solution (denoted by Z(x, t) := Zt(x),
x ∈ Qnp , t > 0 ) of the p−adic pseudodifferential equations of the form
(1.2)

∂u
∂t
(x, t) = Jαu(x, t), t ∈ [0,∞) , x ∈ Qnp
u(x, 0) = u0(x) ∈ D(Q
n
p ),
which is the p-adic counterparts of the archimedean heat equations.
Unlike the fundamental solution studied at [3], [5], [8], [9], [14], [15], [16], [19],
[23], [24], [26], [27], [28], et al., we obtain that Z(x, t) ≤ 0,
∫
Qnp
Z(x, t)dnx = e−t,
x ∈ Qnp , t > 0, among other properties, see Theorem 1. Since the heat kernel
contains a large amount of redundant information, in our case, the p−adic heat
equation describes the cooling (or loss of heat) in a given region over time.
The connections between pseudodifferential operators whose symbol is a nega-
tive definite function and that satisfies the positive maximum principle have been
studied intensively in the archimedean setting, since, a sufficient and necessary con-
dition for that a pseudodifferential operator satisfies the positive maximum principle
is that its symbol be a negative definite function, see e.g. [6], [10]-[13], [20], et al. In
our case, the pseudodifferential operator −Jα satisfies the positive maximum prin-
ciple on C0(Q
n
p ), however, its symbol (max{1, ||ξ||p})
−α is not a negative definite
function, see Theorem 2 and Remark 4, respectively.
On the other hand, the study of the m-dissipative operators self-adjoint on the
Hilbert spaces is of great importance, since these are exactly the generators of
contraction semigroups and C0-semigroups, see [4], [18]. Motivated by it, we are
interested in knowing if the pseudo-differential operator −Jα is an m-dissipative
operators and self-adjoint on L2(Qnp ).
The article is organized as follows: In Section 2, we will collect some basic results
on the p-adic analysis and fix the notation that we will use through the article.
In Section 3, we study a class of non-archimedean pseudo-differential operators
associated via Fourier transform to the Bessel potentials, these operators we denote
by Jα, α ∈ C. For our purposes, we will consider the case when α > n. In addition,
we will study certain properties corresponding to the fundamental solution Z(x, t),
x ∈ Qnp , t > 0 of the p−adic heat equation naturally associated to these operators.
In Section 4, we will show that the operator −Jα satisfies the positive maximum
principle on C0(Q
n
p ). Moreover, as for all λ > 0 we have that Ran(λ + J
α) is
dense in C0(Q
n
p ), we have that the closure −J
α of the operator −Jα on C0(Q
n
p ) is
single-valued and generates a strongly continuous, positive, contraction semigroup
{T (t)} on C0(Q
n
p ), see Theorem 3. In the section 5, we will show that the operator
−Jα : L2(Qnp ) → L
2(Qnp ) is m−dissipative and self-adjoint, see Theorem 4 and
Lemma 5, respectively. We can get that the linear operator −Jα is the infinitesimal
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generator of a C0−semigroup of contraction T (t), t ≥ 0, on L
2(Qnp ).Moreover, when
considering the problem the inhomogeneous initial problem
∂u
∂t
(x, t) = −Jαu(x, t) + f(t) t > 0, x ∈ Qnp
u(x, 0) = u0 ∈ L
2(Qnp ),
with f : [0, T ]→ L2(Qnp ), T > 0, we have that the function
u(t) = T (t)u0 +
∫ t
0
T (t− s)f(s)ds, 0 ≤ t ≤ T,
is the mild solution of the initial value problem on [0, T ], see Remark 8.
2. Fourier Analysis on Qnp : Essential Ideas
2.1. The field of p-adic numbers. Along this article p will denote a prime num-
ber. The field of p−adic numbers Qp is defined as the completion of the field of
rational numbers Q with respect to the p−adic norm | · |p, which is defined as
|x|p =
 0, if x = 0
p−γ , if x = pγ a
b
,
where a and b are integers coprime with p. The integer γ := ord(x), with ord(0) :=
+∞, is called the p−adic order of x.
Any p−adic number x 6= 0 has a unique expansion of the form
x = pord(x)
∞∑
j=0
xjp
j ,
where xj ∈ {0, 1, 2, . . . , p− 1} and x0 6= 0. By using this expansion, we define the
fractional part of x ∈ Qp, denoted {x}p, as the rational number
{x}p =

0, if x = 0 or ord(x) ≥ 0
pord(x)
∑−ordp(x)−1
j=0 xjp
j, if ord(x) < 0.
We extend the p−adic norm to Qnp by taking
||x||p := max
1≤i≤n
|xi|p, for x = (x1, . . . , xn) ∈ Q
n
p .
For r ∈ Z, denote by Bnr (a) = {x ∈ Q
n
p ; ||x − a||p ≤ p
r} the ball of radius pr
with center at a = (a1, . . . , an) ∈ Q
n
p , and take B
n
r (0) =: B
n
r . Note that B
n
r (a) =
Br(a1) × · · · × Br(an), where Br(ai) := {x ∈ Qp; |xi − ai|p ≤ p
r} is the one-
dimensional ball of radius pr with center at ai ∈ Qp. The ball B
n
0 equals the
product of n copies of B0 = Zp, the ring of p−adic integers of Qp. We also
denote by Snr (a) = {x ∈ Q
n
p ; ||x − a||p = p
r} the sphere of radius pr with center at
a = (a1, . . . , an) ∈ Q
n
p , and take S
n
r (0) =: S
n
r . The balls and spheres are both open
and closed subsets in Qnp .
As a topological space
(
Qnp , || · ||p
)
is totally disconnected, i.e. the only connected
subsets of Qnp are the empty set and the points. A subset of Q
n
p is compact if and
only if it is closed and bounded in Qnp , see e.g. [25, Section 1.3], or [1, Section 1.8].
The balls and spheres are compact subsets. Thus
(
Qnp , || · ||p
)
is a locally compact
topological space.
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We will use Ω (p−r||x− a||p) to denote the characteristic function of the ball
Bnr (a). We will use the notation 1A for the characteristic function of a set A. Along
the article dnx will denote a Haar measure on Qnp normalized so that
∫
Znp
dnx = 1.
2.2. Some function spaces. A complex-valued function ϕ defined on Qnp is called
locally constant if for any x ∈ Qnp there exist an integer l(x) ∈ Z such that
ϕ(x + x′) = ϕ(x) for x′ ∈ Bnl(x).
A function ϕ : Qnp → C is called a Bruhat-Schwartz function (or a test function) if it
is locally constant with compact support. The C-vector space of Bruhat-Schwartz
functions is denoted by D(Qnp ) =: D. Let D
′(Qnp ) =: D
′ denote the set of all
continuous functional (distributions) on D. The natural pairing D′(Qnp )×D(Q
n
p )→
C is denoted as (T, ϕ) for T ∈ D′(Qnp ) and ϕ ∈ D(Q
n
p ), see e.g. [1, Section 4.4].
Every f ∈ L1loc defines a distribution f ∈ D
′
(
Qnp
)
by the formula
(f, ϕ) =
∫
Qnp
f (x)ϕ (x) dnx.
Such distributions are called regular distributions.
Given ρ ∈ [0,∞), we denote by Lρ
(
Qnp , d
nx
)
= Lρ
(
Qnp
)
:= Lρ, the C−vector
space of all the complex valued functions g satisfying
∫
Qnp
|g (x)|
ρ
dnx < ∞, L∞
:= L∞
(
Qnp
)
= L∞
(
Qnp , d
nx
)
denotes the C−vector space of all the complex valued
functions g such that the essential supremum of |g| is bounded.
Let denote by C(Qnp ,C) =: CC the C−vector space of all the complex valued
functions which are continuous, by C(Qnp ,R) =: CR the R−vector space of contin-
uous functions. Set
C0(Q
n
p ,C) :=
{
f : Qnp → C; f is continuous and lim
x→∞
f(x) = 0
}
,
where limx→∞ f(x) = 0 means that for every ǫ > 0 there exists a compact subset
B(ǫ) such that |f(x)| < ǫ for x ∈ Qnp\B(ǫ). We recall that (C0(Q
n
p ,C), || · ||L∞) is a
Banach space.
2.3. Fourier transform. Set χp(y) = exp(2πi{y}p) for y ∈ Qp. The map χp(·) is
an additive character on Qp, i.e. a continuous map from (Qp,+) into S (the unit
circle considered as multiplicative group) satisfying χp(x0 + x1) = χp(x0)χp(x1),
x0, x1 ∈ Qp. The additive characters of Qp form an Abelian group which is iso-
morphic to (Qp,+), the isomorphism is given by ξ 7→ χp(ξx), see e.g. [1, Section
2.3].
Given x = (x1, . . . , xn), ξ = (ξ1, . . . , ξn) ∈ Q
n
p , we set x · ξ :=
∑n
j=1 xjξj . If
f ∈ L1 its Fourier transform is defined by
(Ff)(ξ) =
∫
Qnp
χp(ξ · x)f(x)d
nx, for ξ ∈ Qnp .
We will also use the notation Fx→ξf and f̂ for the Fourier transform of f . The
Fourier transform is a linear isomorphism from D(Qnp ) onto itself satisfying
(2.1) (F(Ff))(ξ) = f(−ξ),
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for every f ∈ D(Qnp ), see e.g. [1, Section 4.8]. If f ∈ L
2, its Fourier transform is
defined as
(Ff)(ξ) = lim
k→∞
∫
||x||≤pk
χp(ξ · x)f(x)d
nx, for ξ ∈ Qnp ,
where the limit is taken in L2. We recall that the Fourier transform is unitary on
L2, i.e. ||f ||L2 = ||Ff ||L2 for f ∈ L
2 and that (2.1) is also valid in L2, see e.g. [22,
Chapter III, Section 2].
3. Pseudodifferential Operators and Heat Kernel Associated with
Bessel Potentials
In this section, we study a class of non-archimedean pseudo-differential operators
associated via Fourier transform to the Bessel potentials. We will also study some
aspects associated with the fundamental solution of the heat equation associated
with these operators.
Definition 1. [22, Definition-p. 137] If f ∈ D′(Qnp ), α ∈ C we define the n−dimensional
p−adic Bessel potential of order α of f by
(3.1) (Jαf)∧ = (max [1, ||x||p])
−α
f̂ .
We will define the distribution with compact support Gα as
(3.2) Ĝα(x) = (max [1, ||x||p])
−α .
Remark 1. [22, Proposition 5.1-p. 137] For α, β ∈ C, f ∈ D′(Qnp ), we have
that Jαf = Gα ∗ f ∈ D′(Qnp ) and J
α(Jβf) = Jα+βf. The map ϕ −→ Jαϕ is a
homeomorphism from D(Qnp ) onto D(Q
n
p ). Furthermore J
α is continuous in α in
the sense that whenever {αk} → α in C then J
αkϕ→ Jαϕ, when ϕ ∈ D(Qnp ).
The n-dimensional p−adic gamma function Γnp is defined as
Γnp (α) =
1− pα−n
1− p−α
for α ∈ C\{0}.
Suppose α ∈ C with Re(α) > 0. Define on Qnp and with values in R+ the function
Kα as follows:
(3.3) Kα(x) =

1
Γnp (α)
(
||x||α−np − p
α−n
)
Ω(||x||p) if α 6= n
(1 − p−n) logp(
p
||x||p
)Ω(||x||p) if α = n
Remark 2. (i) Note that Kα(x), x ∈ Q
n
p , is a non-negative radial function. We
have that Gα = Kα, Kα ∈ L
1(Qnp ) and K̂α(ξ) = (max{1, ||ξ||p})
−α, see [22, Lemma
5.2-p. 138]. Moreover, can verify that
∫
Qnp
Kα(x)d
nx = 1, if Re(α) > 0, see [22,
Remarks-p. 138 and (5.5)-p. 139].
(ii) Since the function f(x) = 1, x ∈ Qnp , is constant we have in particular that
f is locally constant. Moreover, the function || · ||p is also locally constant, see [25,
Example 1-p. 79]. Therefore the function (max{1, ||ξ||p})
−α is locally constant.
For our purposes from now on we consider fix α > n. Therefore,
(3.4)
1− p−α
1− pα−n
< 0.
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Following the notation given in [22] and taking into account Remark 1 and Remark
2, for ϕ ∈ D(Qnp ) we define the pseudo-differential operator J
α by
(3.5) (Jαϕ)(x) := F−1ξ→x
[
K̂α(ξ)ϕ̂(ξ)
]
= F−1ξ→x
[
(max{1, ||ξ||p})
−αϕ̂(ξ)
]
, x ∈ Qnp ,
with symbol K̂α(ξ) = (max{1, ||ξ||p})
−α.
Nothe that if ϕ ∈ D(Qnp ) then ϕ̂ ∈ D(Q
n
p ), see [25, Lemma 4.8.1]. Moreover,
supp(K̂αϕ̂) = supp(ϕ̂), so that by Remark 2-(ii) we have that K̂αϕ̂ ∈ D(Q
n
p ).
Therefore the operator Jα : D(Qnp )→ D(Q
n
p ) is well defined, and by Remark 1 and
Remark 2, we have that
(Jαϕ)(x) = (Kα ∗ ϕ)(x), for ϕ ∈ D(Q
n
p ).
Lemma 1. For t > 0 we have that
(3.6)
∫
Qnp
e−tK̂α(ξ) ≤ e−t − 1,
i.e. e−tK̂α(ξ) = e−t(max{1,||ξ||p})
−α
∈ L1(Qnp ).
Proof. Since e−tp
−jα
≤ 1 for j ≥ 1, we have that∫
Qnp
e−tK̂α(ξ)dnξ =
∫
Qnp
e−t(max{1,||ξ||p})
−α
dnξ
= e−t + (1− p−n)
∞∑
j=1
e−tp
−jα
pnj
≤ e−t +
∞∑
j=1
(pnj − pn(j−1)) = e−t − 1.

The proof of the following Lemma is similar to the one given in [24, Proposition
1].
Lemma 2. Consider the Cauchy problem
(3.7)

∂u
∂t
(x, t) = Jαu(x, t), t ∈ [0,∞) , x ∈ Qnp
u(x, 0) = u0(x) ∈ D(Q
n
p ).
Then
u(x, t) =
∫
Qnp
χp (−ξ · x) e
−t(max{1,||ξ||p})
−α
û0(ξ)d
nξ
is a classical solution of (3.7). In addition, u(·, t) is a continuous function for any
t ≥ 0.
We define the heat Kernel attached to operator Jα as
Z(x, t) := F−1ξ→x(e
−t(max{1,||ξ||p})
−α
).
When considering Z(x, t) as a function of x for t fixed, we will write Zt(x). On
the other hand, by Lemma 1 and , [22, Chapter III-Theorem 1.1-(b)] we have that
Zt(x), t > 0, is uniformly continuous.
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Theorem 1. For any t > 0, the heat Kernel has the following properties:
(i) Z(x, t) =

∑γ
i=0 p
in(e−tp
−iα
− e−tp
−(i+1)α
) < 0 if ||x||p = p
−γ , γ ≥ 0,
0, if ||x||p = p
γ , γ > 1,
i.e., Z(x, t) ≤ 0 and supp(Z(x, t)) = Znp , for any t > 0 and x ∈ Q
n
p .
(ii)
∫
Qnp
Z(x, t)dnx = e−t with x ∈ Qnp .
(iii) Zt(x) ∗ Zt0(x) = Zt+t0(x), for any t0 > 0.
(iv) limt→0+ Z(x, t) = δ(x).
Proof. (i) For x ∈ Qnp and t > 0, we have by (3.5) that
(3.8) Z(x, t) = e−t
∫
Znp
χp(−x · ξ)d
nξ +
∫
Qnp \Z
n
p
χp(−x · ξ)e
−t||ξ||−αp dnξ.
Consider the following cases:
If ||x||p = p
γ , with γ ≥ 1, then by (3.8) and the n-dimensional version of [25,
Example 6-p. 42], we have that
Z(x, t) =
∫
Qnp \Z
n
p
χp(−x · ξ)e
−t||ξ||−αp dnξ
=
∞∑
j=1
e−tp
−jα
∫
||pjξ||p=1
χp(−x · ξ)d
nξ
=
∞∑
j=1
e−tp
−jα
pnj
∫
||w||p=1
χp(−p
−jx · w)dnw (taking w = pjξ ).
By using the formula∫
||w||p=1
χp
(
−p−jx · w
)
dnw =
 1− p
−n, if j ≤ −γ,
−p−n, if j = −γ + 1,
0, if j ≥ −γ + 2,
we get that Z(x, t) = 0.
On the other hand, if ||x||p = p
−γ , γ ≥ 0, then by (3.8) and the n-dimensional
version of [25, Example 6-p. 42] we have that
Z(x, t) = e−t +
∞∑
j=1
e−tp
−jα
∫
||pjξ||p=1
χp(−x · ξ)d
nξ
= e−t +
∞∑
j=1
e−tp
−jα
pnj
∫
||w||p=1
χp(−p
−jx · w)dnw (taking w = pjξ ).(3.9)
Now, we have that
(3.10)
∫
||w||p=1
χp
(
−p−jx · w
)
dnw =
 1− p
−n, if j ≤ γ,
−p−n, if j = γ + 1,
0, if j ≥ γ + 2.
We proceed by induction on γ. Note that if γ = 0, then by (3.9) and (3.10) we
have that
Z(x, t) = e−t − e−tp
−α
.
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If γ = 1, then by (3.9) and (3.10) we have that
Z(x, t) = e−t + (pn − 1)e−tp
−α
− pne−tp
−2α
= (e−t − e−tp
−α
) + pn(e−tp
−α
− e−tp
−2α
).
Suppose that
Z(x, t) =
n∑
i=0
pin(e−tp
−iα
− e−tp
−(i+1)α
)
is satisfied for γ = n.
Let’s see if the hypothesis is met for γ = n+1. By (3.9) and (3.10) we have that
Z(x, t) = e−t + (1− p−n)e−tp
−α
pn + (1− p−n)e−tp
−2α
p2n + . . .
+ (1− p−n)e−tp
−γα
pnα + (1− p−n)e−tp
−(γ+1)α
p(γ+1)n
− p−ne−tp
−(γ+2)α
p(γ+2)n
= e−t + (pn − 1)e−tp
−α
+ (p2n − pn)e−tp
−2α
+ . . .+ (pnα − pn(α−1))e−tp
−γα
+ (p(γ+1)n − pnγ)e−tp
−(γ+1)α
− p(γ+1)ne−tp
−(γ+2)α
.
So by the hypothesis of induction we have that
Z(x, t) = (e−t − e−tp
−α
) + pn(e−tp
−α
− e−tp
−2α
) + p2n(e−tp
−2α
− e−tp
−3α
) + . . .
+ pγn(e−tp
−γα
− e−tp
−(γ+1)α
) + p(γ+1)n(e−tp
−(γ+1)α
− e−tp
−(γ+2)α
).
Therefore, taking into account that the function f(x) = e−tp
−xα
is an increasing
function in the real variable x, we have that
Z(x, t) ≤ 0, for any t > 0 and x ∈ Qnp .
(ii) Let t > 0. By the definition of Z(x, t), (i) and (3.6), we have that |Z(x, t)| ≤
e−t − 1. Therefore,
(3.11) Z(x, t) ∈ L1(Qnp ).
Since Ẑ(x, t) = e−t(max{1,||ξ||p})
−α
we have that Ẑ(0, t) = e−t. On the other
hand, Ẑ(ξ, t) =
∫
Qnp
χp(ξ · x)Z(x, t)d
nx and Ẑ(0, t) =
∫
Qnp
Z(x, t)dnx. Therefore,∫
Qnp
Z(x, t)dnx = e−t.
(iii) It is an immediate consequence of the definition of Z(x, t) and (3.11).
(iv) For ϕ ∈ D(Qnp ) we have that
lim
t→0+
〈Zt(x), ϕ〉 = lim
t→0+
〈
e−t(max{1,||ξ||p})
−α
,F−1ξ→x(ϕ)
〉
=
〈
1,F−1ξ→x(ϕ)
〉
= 〈δ, ϕ〉 .

Remark 3. (i) By the previous theorem, we have that the family (Zt)t>0 it’s not
a convolution semigroup on Qnp , see e.g. [2].
(ii) By (ii) in the previous theorem we have that the family of operators
(Θ(t)f)(x) :=
∫
Qnp
Z(x− y, t)f(y)dny
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not preserve the function f(x) ≡ 1. Thus Θ(t) it’s not a Markov semigroup and
moreover the fundamental solution Z(x, t) it’s not a transition density of a Markov
process. For more details, the reader can consult the theory of Markov processes,
see e.g. [7], [16].
(iii) By Theorem 1-(ii) and Fubini´s theorem, we have that the classical solution
of (3.7) can be written as
u(x, t) = Zt(x) ∗ u0(x), t ≥ 0, x ∈ Q
n
p .
4. The Positive Maximum Principle and Strongly Continuous,
Positive, Contraction Semigroup On C0(Q
n
p )
In this section, we will show that the operator −Jα satisfies the positive maxi-
mum principle on C0(Q
n
p ) and that also the closure −J
α of the operator −Jα on
C0(Q
n
p ) is single-valued and generates a strongly continuous, positive, contraction
semigroup {T (t)} on C0(Q
n
p ). For more details, the reader can consult [2], [21].
Definition 2. An operator (A,Dom(A)) on C0(Q
n
p ) is said to satisfy the posi-
tive maximum principle if whenever f ∈ Dom(A) ⊆ C0(Q
n
p ,R), x0 ∈ Q
n
p , and
supx∈Qnp f(x) = f(x0) ≥ 0 we have Af(x0) ≤ 0.
Let x0 ∈ Q
n
p such that supx∈Qnp ϕ(x) = ϕ(x0) ≥ 0 with ϕ ∈ D(Q
n
p ). By Remark
1, Remark 2 and (3.3) we have that
(Jαϕ)(x0) = (Kα ∗ ϕ)(x0)
=
1− p−α
1− pα−n
∫
Qnp
(
||x0||
α−n
p − p
α−n
)
Ω(||x0||p)ϕ(x0 − y)d
ny(4.1)
=
1− p−α
1− pα−n
∫
Qnp
(
||x0 − y||
α−n
p − p
α−n
)
Ω(||x0 − y||p)ϕ(y)d
ny.(4.2)
Consider the following cases:
Case 1. ϕ(x0) > 0. In this case x0 ∈ supp(ϕ) and for all x ∈ supp(ϕ) we have
that ϕ(x) > 0.
If supp(ϕ) ∩ Znp = φ, then ||x0||p > p. So that by (4.1) we have that
(Jαϕ)(x0) = 0.
If supp(ϕ) ⊆ Znp , then ||x0||p = p
−β, with β ≥ 0. For the case where ||y||p > 1
we have that ||x0 − y||p = ||y||p and consequently x0 − y /∈ Z
n
p and ϕ(x0 − y) = 0.
On the other hand, if ||y||p ≤ 1 then ||x0− y||p ≤ 1, and in this case ϕ(x0− y) > 0.
So that by (4.1) and (3.4) we have that
(Jαϕ)(x0) =
1− p−α
1− pα−n
∫
Znp
(
p−β(α−n) − pα−n
)
ϕ(x0 − y)d
ny ≥ 0.
If Znp ⊆ supp(ϕ), then there are two possibilities for x0. For the case when
||x0||p ≤ 1 we have that ||x0||
α−n
p − p
α−n ≤ 0 and ϕ(x0 − y) > 0 for all y ∈
supp(ϕ). So that by (4.1) and (3.4), we have that (Jαϕ)(x0) ≥ 0. For the case
when x0 ∈ supp(ϕ)\Z
n
p , by (4.1) we have that (J
αϕ)(x0) = 0.
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Case 2. ϕ(x0) = 0. In this case x0 /∈ supp(ϕ) and for all x ∈ supp(ϕ) we have
that ϕ(x) < 0.
If supp(ϕ) ⊆ Znp , then ||x0||p > 1, or if supp(ϕ) ⊆ Q
n
p\Z
n
p and x0 /∈ Z
n
p , then by
(4.1) we have that (Jαϕ)(x0) = 0.
If Znp ⊂ supp(ϕ) and x0 /∈ Z
n
p then by (4.1) we have that (J
αϕ)(x0) = 0, and if
Znp ⊂ supp(ϕ) and x0 ∈ Z
n
p then by (4.2) we have that (J
αϕ)(x0) = 0.
If supp(ϕ) ⊂ Qnp\Z
n
p and x0 ∈ Z
n
p . Then, when y ∈ Q
n
p\Z
n
p , we have that
||x0 − y||
α−n
p = ||y||
α−n
p and Ω(||x0 − y||p) = 0. Moreover, if y ∈ Z
n
p then ϕ(y) = 0.
Therefore, by (4.2) we have that (Jαϕ)(x0) = 0.
From all the above we have shown the following theorem.
Theorem 2. The operator
(−Jαϕ)(x) = −F−1ξ→x
[
(max{1, ||ξ||p})
−αϕ̂(ξ)
]
, x ∈ Qnp , ϕ ∈ D(Q
n
p ),
satisfies the positive maximum principle on C0(Q
n
p ).
Lemma 3. For all λ > 0 we have that Ran(λ+ Jα) is dense in C0(Q
n
p ).
Proof. Let λ > 0 and ϕ ∈ D(Qnp ). Considering the equation
(4.3) (λ+ Jα)u = ϕ,
we have that u(ξ) = F−1ξ→x
(
ϕ̂(ξ)
λ+K̂α(ξ)
)
is a solution of the equation (4.3). Since
ϕ̂(ξ) ∈ D(Qnp ), then by Remark 2-(ii) we have that
ϕ̂(ξ)
λ+K̂α(ξ)
∈ D(Qnp ). Therefore,
u ∈ D(Qnp ). 
Theorem 3. The closure −Jα of the operator −Jα on C0(Q
n
p ) is single-valued and
generates a strongly continuous, positive, contraction semigroup {T (t)} on C0(Q
n
p ).
Proof. It follows from Theorem 2, Lemma 3 and [21, Chapter 4, Theorem 2.2],
taking into account that D(Qnp ) is dense in C0(Q
n
p ), see e.g. [22, Proposition 1.3].

Remark 4. A function f : Qnp → C is called negative definite, if∑m
i,j=1
(
f(xi) + f(xj)− f(xi − xj)
)
λiλj ≥ 0
for all m ∈ N, x1, . . . , xm ∈ Q
n
p , λ1, . . . , λm ∈ C.
Nothe that for all ξ ∈ Qnp we have that K̂α(ξ) = (max{1, ||ξ||p})
−α ≤ K̂α(0), so
that by [2, Chapter II] we have that the function K̂α(ξ) no is a function negative
definite. Therefore, the operator −Jα is a pseudo-differential operator that satisfies
the positive maximum principle and whose symbol is not a negative definite function.
5. The Pseudo-differential Operator −Jα on L2(Qnp )
In this section, consider the operator −Jα in L2(Qnp ). By [22, Remarks-p. 138],
we have that if f ∈ L2(Qnp ) then (−J
αf) ∈ L2(Qnp ) and || − J
αf ||L2(Qnp ) ≤
||f ||L2(Qnp ). In this case D(−J
α) = L2(Qnp ). The main objective of this section is to
demonstrate that this operator is m−dissipative, which will be crucial to prove that
−Jα is the infinitesimal generator of a C0−semigroup of contraction T (t), t ≥ 0,
on L2(Qnp ). For more details, the reader can consult [4], [17], [18], [21].
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Remark 5. The graph G(−Jα) of −Jα is defined by
G(−Jα) =
{
(u, f) ∈ L2(Qnp )× L
2(Qnp ); u ∈ D(−J
α) and f = −Jαu
}
.
Therefore by [4, Remark 2.1.6] we have that G(−Jα) is closed in L2(Qnp ).
Definition 3. [17, Definition 1.2] An operator A with domain D(A) in L2(Qnp ) is
called dissipative if
re 〈Af, f〉 ≤ 0, for all f ∈ D(A),
where L2(Qnp ) is the Hilbert space with the scalar product
〈f, g〉 =
∫
Qnp
f(x)g(x)dnx, f, g ∈ L2(Qnp ).
Lemma 4. The operator −Jα is dissipative in L2(Qnp ).
Proof. Let fixed ϕ ∈ D(Qnp ). Since D(Q
n
p ) is dense in L
2(Qnp ), see [22, Chapter III],
and the Parseval-Steklov equality, see [1, Section 5.3], we have that
〈−Jαϕ, ϕ〉 =
〈
−F−1ξ→x
[
(max{1, ||ξ||p})
−αϕ̂(ξ)
]
, ϕ
〉
=
〈
−(max{1, ||ξ||p})
−αϕ̂, ϕ̂
〉
= −
∫
Qnp
(max{1, ||ξ||p})
−α |ϕ̂(ξ)|
2
dnξ ≤ 0.

Remark 6. By [21, Chapter 4-Lemma 2.1], we have that the linear operator −Jα
on C0(Q
n
p ) is dissipative, in the sense that for all f ∈ C0(Q
n
p ) and λ > 0 we have
that ||λf−Af ||L∞(Qnp ) ≥ λ||f ||L∞(Qnp ). This definition is valid for any Banach space
with its corresponding norm, for more details see [4], [17].
Definition 4. [4, Definition 2.2.2] An operator A in L2(Qnp ) is m−dissipative if
(i) A is dissipative;
(ii) for all λ > 0 and all f ∈ L2(Qnp ), there exists u ∈ D(A) such that u−λAu =
f.
Lemma 5. The operator −Jα is self-adjoint, i.e.
〈−Jαf, g〉 = 〈f,−Jαg〉 , for all f, g ∈ L2(Qnp ).
Proof. For f, g ∈ L2(Qnp ) and the Parseval-Steklov equality, we have that
〈−Jαf, g〉 =
〈
−F−1ξ→x
[
(max{1, ||ξ||p})
−αf̂(ξ)
]
, g
〉
= −
∫
Qnp
(max{1, ||ξ||p})
−αf̂(ξ)g˘(ξ)dnξ
= −
∫
Qnp
(max{1, ||ξ||p})−αf̂(ξ)
[∫
Qnp
χp(x · ξ)g(x)d
nx
]
dnξ
= −
∫
Qnp
f̂(ξ)(max{1, ||ξ||p})−αĝ(ξ)d
nξ
=
〈
f,−F−1ξ→x
[
(max{1, ||ξ||p})
−αĝ(ξ)
]〉
= 〈f,−Jαg〉 .

12 ISMAEL GUTIE´RREZ GARCI´A AND ANSELMO TORRESBLANCA-BADILLO
Theorem 4. The operator −Jα : L2(Qnp )→ L
2(Qnp ) is m−dissipative.
Proof. The result follow from Remark 5, Lemma 4 and Lemma 5, by well-known
results in the theory of dissipative operators, see e.g. [4, Theorem 2.4.5]. 
Remark 7. The (infinitesimal) generator of a semigroups (T (t))t≥0 is the linear
operator L defined by
D(L) =
{
f ∈ L2(Qnp );
T (t)x− x
t
has a limit in L2(Qnp ) as t→ 0
+
}
,
and
Lf = lim
t→0+
T (t)f − f
t
,
for all f ∈ D(L).
The linear operator −Jα is the generator of a contraction semigroups (T (t))t≥0
in L2(Qnp ), i.e. the family of semigroups (T (t))t≥0 satisfies:
(i) ||T (t)||L2(Qnp ) ≤ 1 for all t ≥ 0;
(ii) T (0) = I;
(iii) T (t+ s) = T (t)T (s) for all s, t ≥ 0,
(iv) for all f ∈ L2(Qnp ), the function t 7→ T (t)f belongs to C([0,∞), L
2(Qnp )).
For more details, the reader can consult [4, Section 3.4].
Remark 8. By [18, Theorem 4.3], [18, Theorem 4.5-(a)], [18, Definition 2.1] and
Theorem 4, we have that the linear operator −Jα is the infinitesimal generator of
a C0−semigroup of contractions T (t), t ≥ 0, on L
2(Qnp ).
Let’s consider the problem the inhomogeneous initial value problem
(5.1)

∂u
∂t
(x, t) = −Jαu(x, t) + f(t) t > 0, x ∈ Qnp
u(x, 0) = u0 ∈ L
2(Qnp ),
where f : [0, T ]→ L2(Qnp ), T > 0.
Then, for f ∈ L1([0, T ) : L2(Qnp )) we have that the function
u(t) = T (t)u0 +
∫ t
0
T (t− s)f(s)ds, 0 ≤ t ≤ T,
is the mild solution of the initial value problem (5.1) on [0, T ].
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